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Abstract. We have obtained here a singularity-free solution for a static charged fluid sphere 
in general relativity. The solution satisfies physical conditions inside the sphere. 

1. Introduction 

Recently Efinger (1965), Kyle and Martin (1967) and Wilson (1969) have found internal 
solutions for static charged spheres in general relativity, but none of these solutions is 
absolutely free from singularities. In Efinger's solution the metric has a singularity at the 
origin (r  = 0). Solutions due to Kyle and Martin and Wilson do not have singularities 
at I = 0. But in both cases the metrics may have singularities at points other than the 
origin so that restrictions have to be imposed on the sphere to avoid them. They have 
dealt in detail in their respective papers with these possible singularities. We have found 
here from a simple analysis of the field equations a completely singularity-free solution 
for a static charged fluid sphere. The metric is regular everywhere and the pressure, 
mass density etc are finite throughout the sphere so that the solution satisfies physical 
conditions inside it. 

2. The field equations and their solutions 

We use here the spherically symmetric metric 

ds2 = - eA dr2 - r2 de2 - r2  sin2e d4' +ev dc2 

The Einstein-Maxwell field equations are 

RL - &R = - 8x(ML +E:)  

Fpv;V = 4nJp = 4noVp 

Fpv ,a  + F v u , p  + Fap,v = 0 
with 

ML = ( p + P ) V v V p - g i P  
and 

EL = (1/4n)( -F'"F@ + $ 6 : P F U , )  
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where P is the internal pressure, p, Q are the densities of matter and charge respectively 
and V' is the velocity vector of matter. 

The static condition is given by V i  = 0 and V o  = We shall assume the 
field to be purely electrostatic, ie, Fi4 = 0 and FOk = 4,k +k where 4 is the electrostatic 
potential. 

The field equations take the form 

1 -7 = 8 x P - E  

e-.(*-- 2 4 4  +-+-) 2r = 8 x P + E  
ItV! v'-I' 

e-A(;-7)+T I' 1 1 = 8 x p + E  

where 

E = -F41F41 

and 

dF4' 2 
( d r  r 

+-F41 +- 2 4x0 = - 

We can write the equations (6H8) in the form 

(7) 

(9) 

We have four equations ( 6 H 8 )  and (10) and six variables (p, E, P, I, v ,  a). Hence we 
have two variables free. We take I and v as the two free variables. Considering singularity- 
free conditions at r -, 0, the field equations ( l l H 1 3 )  lead us to take the following 
simple forms for A and v :  

I = Ar2 

v = Br2+C 

where A, B, C are arbitrary constants. Using equations (14) and (15) in equations ( 6 H 8 )  
and (10) we get 

(16) 

(17) 

(1 8) 
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where 

3. Central and boundary conditions 

At r = 0, we have from equations (16H20) 

16nP0 = 4B-2A 

Eo = 0 

16np0 = 6A 

4no0 = t[B2+(A-B)2]1’2. 

For Po and po to be positive, we have respectively 

2B 2 A 

A 2 0. 

Further for po 2 3P0 

A 2 B. 

From conditions (25) and (27) 

2 8  2 A 2 B. 

Next we take up the conditions t 
(i) P, = 0. From equation (16) we get 

be satisfied t 

e-A‘f 

(boundary), 

This equation has a unique solution r l  and since the pressure is positive at r = 0 the 
pressure must remain positive for all r < r ,  . 

(ii) E, = Q’lrf, 

where Q is the total charge of the sphere. From equations (1 7) and (29) 

Also equations (17) and (29) give the following condition for Q’ being positive: 

2B- A 
B(A-B)’ 

r: < ~ 

The condition (28) shows that the right-hand side of this inequality is positive. 
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We can also see that E is positive throughout the sphere. From equation (17) we 
have 

A3r4 A4r6 i [ B 2 + ( A - B ) 2 ] r 2 + I _ + I _ +  3 .  4 .  . . . 

Obviously the right-hand side is positive. 
(iii) p1 2 0. From equations (18) and (29) 

A + B  2 0. (33) 
It appears from the condition (33) that pt cannot be zero at r = r l .  For, in that 
case A = B = 0 since both A and B are positive by (25) and (26). This makes 
p = P = E = B = 0 throughout the sphere which means non-existence of the sphere 
it self. 

We can easily see that p is positive throughout the sphere. From equation (18) 
we have 

AZrZ A3r4 
2 .  3 .  

6A+B(A-B)rZ+--T-+7+ . . , (34) 

Evidently the right-hand side is positive. 
(iv) A + v = 0. Using equations (14) and (1 5 )  we have 

Ar: + Br: + C = 0. (35) 
Equation (35) shows that C is negative since A, B and r: are all positive. 
(v) 
(14) we get 

= 1 - (2M/r l )+(4nQ2/r: ) ,  where M is the mass of the sphere. Using equation 

The central and boundary conditions fix up the constants of the solution. 

Acknowledgment 

The authors are grateful to the Government of Assam, Gauhati for providing facilities 
at Cotton College, Gauhati-1 for carrying out this piece of work. 

References 

Efinger H J 1965 Z .  Phys. 188 31 
Kyle C F and Martin A W 1967 Nuovo Cim. 50 583 
Wilson S J 1967 Can. J. Phys. 47 2401 


